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Abstract 

We construct a boundary state for a class of analytic solutions in the Witten's open string 
field theory. The result is consistent with the property of the zero limit of a propagator's 
length, which was claimed in [19] . And we show that our boundary state becomes expected 
one for the perturbative vacuum solution and the tachyon vacuum solution. We also 
comment on possible presence of multi-brane solutions and ghost brane solutions from our 
boundary state. 
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1 Introduction 



Schnabl found the analytic solution in the Witten's open string field theory [1] for the 
tachyon condensation [2] . The solution was given both by the Schnabl gauge using b ghost 
zero mode in the sliver frame and wedge states. After that, various analytic solutions were 
given [3] [4] [5] [6] [7] [8] . And a class of solutions was found in [9] , which was written by wedge 
based states K, B and c. These states belong to a subspace of the star algebra which is 
called the KBc subalgebra. The tachyon solution is given simply by using this subalgebra 
[10]. Moreover extended solutions were given in [11] [12] [13] [14] [15] [16] [17], which belong to 
extended subalgebras. Recently, Murata and Schnabl anticipated that multi-brane solu- 
tions exist from an energy calculation in the KBc subalgebra [18]. 

In [19], the boundary state \B^{'^)) was constructed for any solution in the open string 
field theory. This state is BRST invariant. Under the gauge transformation of an open 
string field, the boundary state changes by a Q-exact term. Thus, its contraction with 
on-shell closed string vertex operator is also gauge invariant. This quantity has the same 
property that has been shown in [20]. Moreover, under variations of both the propagator 
to construct the boundary state and its length s, the boundary state changes by a Q-exact 
term too. If we choose the Schnabl propagator, the boundary state \B^,{^)) is calculable 
explicitly. Then, we use the natural z frame that is not usual sliver frame. This map is 
consistent with identification in a construction of one loop in the annulus frame. In [19], 
choosing the tachyon vacuum solution and the solutions for marginal deformations as the 
solution, expected boundary states were obtained. 

In this paper, we construct a boundary state for the class of analytic solutions. In 
fact, it becomes expected one for both the perturbative vacuum solution and the tachyon 
vacuum solution; 



In the first line, \B) denotes the boundary state when a D-brane exists. The second line 
means that the D-brane vanishes at the tachyon vacuum. And our boundary state is con- 
sistent with the claim of [19] that for zero limit of s the boundary state coincides with the 
zeroth and the first order boundary state in the expansion in terms of a solution. Moreover 
we comment on multi-brane solutions using our boundary state. For s — ?• 0, the result is 
identified with [18]. But the boundary state of finite s is not consistent with [19]. Thus 
multi-brane solutions can not be obtained from the form proposed in [18]. 

This paper is organized as follows. In section 2 we review the KBc subalgebra and a 
solution using it. In section 3 we also review a construction of the boundary state and its 
properties. In section 4 we construct the boundary state for the class of analytic solutions. 
And we calculate the boundary state of the perturbative solution and the tachyon vacuum 




(1.1) 
(1.2) 



S*(*tach)) =0. 
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solution for instance. In section 5 we comment on multi-brane solutions and ghost brane 
solutions (cf.[21]). Section 6 is devoted to conclusions and discussions. 



2 Analytic solution in KBc subalgebra 

KBc subalgebra is constructed on the sliver frame which is mapped from the radial frame 

2 

z = g{^) = — avctan^. (2.1) 

TT 

z denotes the coordinate on the sliver frame. On this frame, the operator ;S is a line integral 
of the b ghost defined by 

B= —b{z). (2.2) 
Similarly, the operator /C is defined by 

f'~^°° dz 

/C = / —T{z), (2.3) 



2m 



where T{z) is the energy momentum tensor. 

Using these two operators, the c ghost and the identity state we define states as 
follows; 

K = m, (2.4) 

B = B\I), (2.5) 

c = c(i)|/), (2.6) 

where ^ is a position at which the c ghost is inserted on the real axis of the sliver frame. 
The states K, B and c satisfy the following relations; 

[K, B] = 0, {B, c} = 1, [K, c] = dc, B^ = 0, = 0. (2.7) 

We do not explicitly write * that means a product of string fields. The BRST operator 
acts on these states in the following way; 

QB = K, QK = 0, Qc = cKc. (2.8) 

The wedge state Wa with a width a > is defined by a BPZ inner product as follows; 

{^,Wa) = {gom)a+i, (2.9) 

where <f){S,) is a generic state in the Fock space and g o (p^^) denotes the conformal trans- 
formation of On the sliver frame, the subscript as in the right hand side means a 
perimeter of cylinder on which a correlator is defined. The wedge state Wa can be expressed 
by K as follows; 

Wa = e"^. (2.10) 
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The class of analytic solutions is expressed by using these states; 

KB 

* = Fc-^—^cF, (2.11) 

where F is an arbitrary analytic function of K. The solution of this form have been found 
first by Okawa [9]. We assume that F can be written as a kind of Laplace transformation; 

l-OO 

F{K) = / dt/(t)e*^. (2.12) 

So we can regard F{K) as a superposition of wedge states [22]^. For example, when we 
select as F{K), 



oo „— i 



dt^e'^, (2.13) 



VI- K Jo \/7rt 

we obtain the tachyon vacuum solution [10]. We also assume that the string field can 
be written as a kind of Laplace transformation of /. Thus we can write (2.11) as follows; 

/"OO /"OO 

FCy^cF = dhfih) dt2f{t2) (it3/(t3)*mtegrand 

f'CO f'CO f'OC 

= / dhfih) / dt2fit2) / dt3/(t3)e*^^ce*2^i?ce*3^. (2.14) 
Jo Jo Jo 

The BPZ inner product of a test state cj) and (2.11) is expressed as; 
/ , „ KB \ 

f'OO roo /"OO 

= / dhfih) dt2fit2) dt3fit3){gocPiO)ci^+h)13cil + h + t2))i+t,+t2+ts- 
Jo Jo Jo 

(2.15) 

This is useful because we can see both positions of c ghosts and a width of a string field in 
a correlator on the sliver frame. 

3 Review of the boundary state in open string field theory 

We review the boundary state that has been constructed by Kiermaier, Okawa and Zwiebach 
[19]. After that, we consider the boundary state for the string field (2.11) in the next sec- 
tion. 

3.1 Construction of the boundary state from open string fields 

Before we construct the boundary state, we introduce a propagator strip for linear 6-gauges 
[23]. Its gauge condition is 

Slinl' = 0, (3.1) 



^We use the right handed convention for the star product in this paper [11] [16]. 
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Figure 1. The surface P{sa,S},) is a half-propagator strip. The surface is obtained by cutting a 
open string world sheet along a median. 



where ^' is an open string field and the operator Bun is 



lin 



(3.2) 



Therefore, Bw^ is the zero mode of the h ghost in a frame specified by J-{C} frame. Here, 
we introduce a w frame related to the z frame (2.1)^; 



(3.3) 



Then, the imaginary part of a string midpoint is ^ in the w frame. And two string endpoints 
> or < correspond to = or vr, respectively. The propagator of linear h gauges 
is given by e~*'^, where 



C = {Q,B^^]. 



(3.4) 



In the w frame, C is the generator of a horizontal translation. 

We consider a half-propagator strip V{sa-,S},) to construct the boundary state. This 
strip is obtained by dividing a open string world sheet along a median. See Figure 1. More 
precisely, to construct the half-propagator strip, we use a operator Cji{t), where Cr is the 
right half of C We define this operator as follows; 



7{f)+t 



dw ^ , , dw ~ , , 

_r(„>) + -r(„-,) 



(3,5) 



where 'y{6) = w{£, = e*^), and the surface VisajSi,) is expressed by the path-ordered 
exponential as follows; 



'P{sa,Sb) = Pexp 



Sb 



dtCR{t) 



(3.6) 



^Of course, the w frame is generally related to the frame [19] [24] 
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Figure 2. The product of surfaces V with a string field. The string field is inserted into a slit. 

where P is the symbol of the path-order product. The star multiplication of these surfaces 
satisfies 

^(■Sa, Sh)V{Sb, Sc) = ViSa, Sc)- (3.7) 

A surface glued to a string field A is expressed as V{sa, Sb)AV{sb, Sc)- This surface is 
expressed geometrically as Figure 2. 

A one point function where a closed string vertex operator is inserted in the origin 
on a unit disk is written by using a boundary state \B); 

((co - co)0c(O))disk = {B\{co - coMc), (3.8) 

where the operator cq — cq is associated with a conformal Killing vector on the disk. This 
correlator can be seen as an inner product of {B\e~~^^°~^^°^ and e~^^°'^^'^\cQ — co)\(j)c), 

^2 

in which we cut the disk along a circle of radius e~~ in a C = exp {^w^ frameG 

{B\{co - co)\(t>,) = (i?|e-4(io+Lo)e4(io+Lo)(co _ co)|^,). (3.9) 

So, in the following, we can write the relation between the surface P(0, s) and the boundary 
state \B); 

^^V{0,s) = e-^^^°^^°^\B), (3.10) 

where the operation means identification of a left boundary and a right boundary of the 
surface V{0, s). Therefore we obtain the boundary state as follows; 

\B) = (^o+^o) j)ViO, s). (3.11) 

Moreover, we define the boundary state around the classical solution ^ of the equation 
of motion + = 0. To do this, we replace C = {Q,Biin} with {Q*,i3iin}, where is 
the BRST operator around the new background; 

QU = QA + '^A-{-)^A^. (3.12) 
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When {Q*,0iin} acts on a string field A, 

{Q*, Biin}A = [CrA + {-)^{BrA)^ - {-)^Br{A^)] + [ClA + ^{BlA) + Bl{^A)] , 



where 



BR{t) 



7(f)+t 



dw , . , dw~,_. 

-bH + -bH 



(3.13) 



(3.14) 



is the right part of Bn^ and is the left part of it; Bun = Br + Bl- Therefore we replace 
CR{t) with CR{t) + {BR{t), for V{sa, Sb); 



V{Sa,Sb) V*{Sa,Sb) = P exp 



dtiCRit)+{BR{t),^}) 



(3.15) 



Using this new surface V*{sa, Sfe), we express the boundary state |-B*(^)) around the new 
background in analogy with \B); 

|B,(if)) =e'^(^«+^o) jfp,(0,s). (3.16) 

We can write the boundary state by expanding ^=1,(0, s) in powers of the classical solution; 

oo 



k=0 
oo 



k=0 



:^(_)fce^(io+Lo) dsi--- ds. 



dskViO,si){BRisi),^}Visi,S2) 



■ ■ ■ Vis^.i, Si){BR{s^), ^}Vis^, s,+i) • • • Visk-i,Sk){BR{sk), ^}V{sk,s). 

(3.17) 

Clearly, |Bp^(^)) = \B). We can actually recognize |i?*(^)) as the boundary state because 
it has expected properties. They are given in the next subsection. 

3.2 Properties of the boundary state 

We introduce various properties of |i?*(^)) without proofs, which are in the paper [19]. 
Fundamental properties 

We can recognize |i?*(^')) as the boundary state because it satisfies three properties. They 
are 



Q\B,i^))=0, (6o-6o)|5*(^)) = 0, (Lo-Lo)|5*(^)) =0. 



(3.18) 



The equation of motion of the open string field theory is used to prove the BRST invariance 
of |5,(^)) 
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Property under open string gauge transformation 

An open string infinitesimal gauge transformation is 

S^^ = QX+[^,X]- (3.19) 

When we gauge transform a string field ^ in \B^{^)) given in (3.17), the boundary state 
becomes 

5^\B^{^)) = Q- exact. (3.20) 



Variation of the propagator 

We consider an infinitesimal change of gauge condition (3.1) for the propagator. To do 
that, we change two operators; 

BR{t)^BRit) + 5BR{t), Cii{t)^CR{t) + {QR{t),SBR}, (3.21) 

where Qr is, using the BRST current Jb, 



7(f)+i 



dw dw ~ 



(3.22) 



Qr-- 

They produce a change of the boundary state as follows; 

=g -exact. (3.23) 



Variation of s 

The boundary state (3.17) depends on s. An infinitesimal variation with respect to s of 
the boundary state is also Q-exact; 

d,\B^{^)) = Q- exact. (3.24) 

The equation of motion is used to prove (3.20) (3.23) (3.24) too. Therefore the inner product 
of on-shell closed string vertex V and |i?*(^)) is invariant under the gauge transformation, 
the variation of the propagator and that of s. 



s ^ limit 

For s — 7- 0, the boundary state |i3*(^')) becomes only its zeroth and first order; 

\B,{^f)) = \B) + \Bi^\^f)). (3.25) 

Although we do not have a rigorous proof of this, this holds in specific examples [11] (and 
we will see ones in the next section). 
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Gauge invariant observable W(y, ^) 

For s — )• 0, an inner product (V|(co — co)|-B*(4')) is written as follows; 

lim(V|(co - co)\B,m = (V|(co - co)\B) + (V|(co - co)\Bi'\^)). (3.26) 

s—>-0 

This relation implies the identification of the gauge invariant observable W^(V, ^) and disk 
amplitudes [20]; 

lim(V|(co - co)\B,{^)) - (V|(co - co)\B) = -ATiiW{V, (3.27) 

Moreover, for the variation of s, the boundary state only changes by a Q-exact term. Thus, 
because V is on-shell, 

(V|(co - co)\B,{^)) - (V|(co - co)\B) = -47riTy(V,^') for any s. (3.28) 

3.3 Boundary state for Schnabl gauge 

We can calculate \B^{^)) simply by using Schnabl gauge. The zero mode of b ghost in the 
gauge fixing condition (3.2) is 

where we take J-{£,) = g{C) given in (2.1). In the z frame, two operators(3.5)(3.14) are 
defined as follows; 

^R{t) = I ^^T{z), Bnit) = [ ^zb{z), (3.30) 



JC{t) 2vrz Jc{t) 2vri 

where the contour C{t) runs from y — too to y + too. The surface V{0, s) is located in the 
region 

^ < < le^. (3.31) 

Thus, in this frame, the operation means identification z ~ e^z. This is compatible 
with the C frame. When we insert a string field A^^ that has a width qi into si in the 
w frame, the left part of is glued to ^e*^ and the right part is to e^^ai + ^e^'^ in the 
z frame. Generally, after i — 1 string fields are inserted, the left part of A^^ is glued to 
YlY=i^^^ ~^ 5^*' ^'^'^ right part is to Yl^j=i^^^ + Therefore, when k string 

fields are inserted into 7^(0, s), the region is 

i<Kz<5^e^a, + ie^ (3.32) 
i=i 

in the z frame. But this is not identification z ~ e^z. Thus we shift the entire surface 
horizontally by 

k 

i 

ao 

p" — I 



1 

—^Y^e'^aj, (3.33) 
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and this region becomes 



^ + ao<^z<e/ f^ + ao] . (3.34) 



The identification z ~ e^z is restored. This translated frame is called the natural z frame. 
The map from z^*) of the wedge surface on which Aq,. is defined to the natural z frame is 
given by 

z = £i + e''z^^, (3.35) 

where 

i-l 

£i = ^^aj-e*-' + ao, ii = oq. (3.36) 
At the end of the subsection, we introduce two useful formulae for the calculation of 

-{BR{si),A^^}^ j ^{z-ii)h{z)[--]-e'^ai[---]B (3.37) 

(3.38) 

In the first formula, [• • • ] means operator insertions which the string field Aq,. has. And 
for the second formula, we can only use this when other operator insertions are not in the 
boundary state. 

4 The boundary state for a class of analytic solutions 

We consider the boundary state \B^{^)) for the case of ^' being the analytic solution (2.11). 
For this purpose, we should carefully find positions of c ghosts and a width of string fields. 
Thus it is convenient to see a description like (2.15). First, we calculate the /c-th order 
boundary state \B^\^)) in (3.17). In fact, what we calculate is 

k 

f{[-{BR{s.)M^}]. (4.1) 
1=1 

The i-th string field in the description like (2. 14) (2. 15) is written as follows; 



Jo Jo 

oo roo roo 



' integrand 

daifia^) I d/3im) I d^ifi^Mg o 0(O)c {\ + a^) Be {\ + ai + ft) , 

JO JO ^ ' l+a,+/3i+7i 

(4.2) 
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In the natural z frame, operators inserting in z-th string field are conformal transformed as 
c(| + i) — e~^*c (e'^' (I + + ^ ~^ e'^^B. Therefore, from the width and positions 

of the c ghosts of the i-th string field in (4.2), using (3.37), 

k 

n[-{^ii(^.),*Seg.and}] 
i=l 

^n{^"'' /^(^-^^)6(^)c(e^» {\ + ai) +^i)Bc{e'^{\ + ai + |3i)+^i) 

i=l 

- ia^ + A + 7,)c (e^» (i + ai) + ii) Bc{e'^ {\ + ai + ft) + li)B] 
= n { Q + a^) Bc{e'^{\ +ai + ft) + £i) + Q + a, + ft^ c(e^' (i + a,) + £,)^ 

- (ai + ft + 7,)c (e^» (i + a,) + 

= n { + + + + - - (^'' + + ^0 + - 7.) } 

(4.3) 

These operators are able to be calculated explicitly in the k-ih. order boundary state. This 
quantity is given in (A. 2). Assuming that all a^, ft, 7^ integrals of (A. 2) converge and we 
obtain the A:-th order boundary state; 

\b'^\-^)) 



poo p 

-TT / doifiai) I 
i Jo 

h 



dft/(ft) / d7,/(7,) [l + a 



(ift/(ft) / d7,/(7.)( 2-7^) 



k\ - 



in 



i=l 



fcle^ - 1 



-F(0) + aF(0) F(0)F(0) 



in 



IS) 



IB) 



1 



-F(0) - dF{0) F(0)F(0) 



|i3) 



(F2(0) + 9F2(o))i7(o) 



5^= 1 

lie* - 1 



(F2(0) -aF2(0))F(0) 



where we used 

Therefore 
|S*(^)> 



Jsi 



dsi / ds2 / ds. 



S2 



|i^), 
(4.4) 

(4.5) 
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Ide^ 1 

k=0 



-{F\0) + dF\0))FiO) 



(F2(0) +5F2(0))F(0) 



\B) 



\B) 



s'' 1 
Ide" -1 

1 



-iF\0)-dF\0))FiO) 



(F2(0) -5F2(0))F(0) 



15) 



15) 



y fs 1-Giz)-G'iz) 
iim exp — — \B, 

e^-lz^o \2 G{z) /' ' e^-l^^o 



(4.6) 



where G = 1 — i^^. This relation is the boundary state for the class of analytic solutions 
(2.11). 

s — >^ limit 

(4.4) with k = 1 becomes 



se 



^(F\0) + dFH0))F{0) 



\B) 



-{F\0) - dF\0))F{0) 



In s — )• 0, we obtain 

iBi^^-i')) ^ dF\0)F{0)\B) 

= lim z „^ , , \B) 

,^0 l-F2(z)' ' 

z^o G{z) 

In what follows, all z dependence on G's and F's is dropped. Therefore, 

|5) + |i?i^)(M/))^fl-limz^)|B). 



\B). 
(4.7) 



(4. 



Moreover, for the boundary state (4.6) 

\B,m 



, ( l-G-G' l-G + G' 

' + iTo V'^G ' 2G 

G' 

1 - limz— 1 15) 

z-^o G 



\B) 



(4.9) 



Thus, in s — )• limit, our boundary state (4.9) is identified with the zeroth and the first 
order boundary state (4.8). This relation is consistent with the claim of [19]. 



Perturbative vacuum 

We know that the perturbative vacuum solution is obtained by selecting zero as F{K), so 
G{K) = 1. In this case, (4.6) becomes 

\BJ^r,cr)) = limexp -z \B) lim exp -z \B) 

I *\ per;/ e'^-l^^o ^V2 1 r e'-lz^Q 1 P ' 
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\B) 



(4.10) 



This is the expected result. Namely, the D-brane exists at the perturbative vacuum. Note 
that (4.6) loses the s dependence for the perturbative solution. Moreover, if we substitute 
G{K) = 1 into (4.8), we find 



\B) + \Bi'\^^,,)) ^ \B). 



(4.11) 



Therefore, the boundary state (4.10) coincides with (4.11) without a Q-exact term. This 
is consistent with (3.24). 

A pure gauge solution also describes the perturbative vacuum. This solution is obtained 
by changing F{K) of (2.11) to F{K + e), where e is a parameter. For example. 



F{K + e) 



1 



or 



G{K + t) = l-F^{K + e) 



l-{K + e) 



(4.12) 



(4.13) 



gives the pure gauge solution ^'pure- In this case, from (4.9), the s — >■ boundary state 
becomes 



S*(^'purc)) ^ 1 - limz - 



1 



V a-iz + e)Y 



z + e 



\B) 



\B). 



(4.14) 



Moreover, we substitute (4.13) into (4.6); 



|i?.(^pu..e)) = ^lmr(|z 
1 



l + -^±^ + 



1-iz + e) {l-{z + e)y 



l-(z + e) 



lim 



1 z^o V 2 



1 + 



z + e 



1-iz + e) {l-iz + e)y 



z + e 
l-{z + e) 



\B) 



z + e 



\B) 



B) 
(4.15) 



We obtain the expected boundary state in s — )• and all order for the pure gauge solution. 



Tachyon vacuum 

When F{K) = -^^i^, so G{K) = - we know that the tachyon vacuum solution is 
obtained. From (4.6), 



|^*(^tach)) 



— 1 z-^o 
1 



lim exp 



sz j z 1 



1 - z 



\B) 



lim exp 



1 



sz I z 
~2 V ^T^z~ H-zf 



l-z 



\B) 



0. 



(4.16) 
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This is consistent with the fact that the D-brane disappears at the tachyon vacuum. And 
from (4.8), 

= 0. (4.17) 
(4.16) agrees with (4.17) without a Q-exact term. This result is the same as one of [19]. 



5 Comments on multi-brane and ghost brane solutions 

Recently, Murata and Schnabl suggested the possible presence of multi-brane solutions [18]. 
They calculated the energy of (2.11) and the result was 



1 , G' 

^' = — 

r 

If the function behave G{z) as z^~^, the energy is 



E.±±^. ,5.) 

The energy at the tachyon vacuum is and that at the perturbative vacuum is zero. As 
the D-brane does not exist at the tachyon vacuum and exists at the perturbative vacuum, 
the value is the tension of the D-brane. So, (5.2) is the energy for configurations of n 
D-branes. 

When G{z) ~ z^"", our boundary state with s — )• (4.9) is 

|5,(^)) =n|5). (5.3) 

At the tachyon vacuum, |-B*(^tach)) = 0, while at the perturbative vacuum, the boundary 
state \B) exists. So (5.3) means the configuration of n D-branes too. Therefore our 
boundary state is similar to the result of [18]. It seems that G{z) ~ z^^" gives a solution 
that would describe the configuration of n D-branes. But there is a problem. When n > 2, 
G{z) is singular for z — )• 0. In other words, the integral value 

/•oo 

F(0) = / dtfit) (5.4) 



diverges. For example, when n = 2, G{z) = z~^, so F{z) = y 1 ~ ^- But an integral value 
-F(O) diverges. Therefore we must regularize F{z) to obtain a finite value. But even if 
we can obtain a finite value, our boundary state (4.6) has s dependence in n > 2. Recall 
that the general boundary state (3.17) is constructed by using a classical solution of the 
equation of motion and that it has the property that it changes only by a Q-exact term 
under the variation of s due to the equation of motion. But |i?*(^)) that ghost operators 
are calculated can not have a Q-exact term. In this case, if |i?*(^)) has a s dependence. 
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a string field ^ is not a solution. (4.6) is in the instance. Thus even if we can regularize 
F{K), we can not obtain multi-brane solutions from (2.11) at least naively 

While, in n < —1, G{z) ~ z^"" is regular for z ^ 0. In this case the energy and the 
s — )• limit boundary state are 

|B,(^)) ^ -|n||S), (5.6) 

respectively. These mean that a ghost brane which has a negative tension exists. But our 
boundary state (4.6) becomes 

\B.m 

= Ss-p (l<^" - ^ - (' - "») - i^S'^f (|(^" - = + - "») 

= h,nexp(|(.-N_,))^|l|s,. ,5,7) 

Thus ghost brane solutions do not exist at least in the form (2.11) because this boundary 
state diverges for z ^ 0"^. 

6 Conclusions and discussions 

We construct the boundary state for the class of analytic solutions of the open string field 
theory. It gives expected one which is for the perturbative vacuum solution and the tachyon 
vacuum solution. The result is that in s — )• limit, the boundary state of the zeroth and 
the first order coincides with one of all order. Our boundary state is constructed under the 
assumption that F{0) is finite. In fact, it is the case for the perturbative and the tachyon 
vacuum solutions, but it is not for the multi-brane solutions. Thus we think that F{K) 
must be regularized. But even if it can be done so, a string field ^ that obtained does not 
satisfy the equation of motion at least naively, because \B^{^)) has the s dependence. If 
multi-brane solutions exist, the string fields (2.11) must be modified. Moreover ghost brane 
solutions do not exist at least in the form (2.11) because our boundary state diverges. 

We calculate the boundary state for the solution in KBc subalgebra. But one will 
also be obtained for solutions in extended subalgebras (for example [16] [17]) because the 
boundary state |i?*(^)) consists of a general solution \I'. Of course a boundary state for 
those solutions must also satisfy properties of one. So we think that it is convenient to find 
any solutions that we use this properties. 
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A Calculation of ghost operators 

In this appendix, We first prove 

m 

J] [AiBc{xi) - DiBcivi) + Di] 



1=1 

m m j m m 

= \{AiBc{x^)-Y,[\{Ai W Dr{Bc{y,+i)-Bc{x,))]-\{Di{Bc{yi)-l) (A.l) 

i=l j=l i=l r=j+l i=l 

by induction, where Ai and Di are constants. When m = 1, the second term of the right 
hand side is not defined. So (A.l) holds. When m = 2, 

2 

J] [AiBc{xi) - D,Bc{yi) + A] 
1=1 

= [AiBc{xi) - DiBc{yi) + Di] [A2Bc{x2) - £'2^0(^2) + A] 
= AiBc{xi) [A2Bc{x2) - D2Bc{y2) + D2] 

- DiBc{yi) [A2Bc{x2) - D2Bc{y2) + D2] 

+ [A2Bc{x2) - D2Bc{y2) + D2] 
= AiA2Bc{x2) - AiD2Bc{y2) + AiD2Bc{xi) 

- A2DiBc{x2) + DiD2Bc{y2) - DiD2Bc{yi) 

+ A2DxBc{x2) - DiD2Bc{y2) + D1D2 
= AiA2Bc{x2) - AiD2Bc{y2) + AiD2Bc{xi) - DiD2Bc{yi) + D1D2. 

Thus, in this case, (A.l) is right. (A.l) with m = k + 1, 

k+l 

Yl [ABc{xi) - DiBc{yi) + A] 

i=l 

k k—1 j k k 

l[ABc{xk)-^{l[A, Yl Dr{Bc{yj+i)-Bc{xj))}-l[D,{Bc{yi)-l) 

i=l j=l i=l 'r=j+l 1=1 

X [Ak+iBc{xk+i) - Dk+iBc{yk+i) + A+i] > 

by using Bc{ti)Bc{t2) = Bc{t2) which follows {B,c{t)] = 1, 
k-i , j 



E{fl^* n Dr{Bc{y,+^)-Bc{x,))]Bc{t) = Q, 

j=l 1=1 r=j+l 
k 

J{Di{Bc{yi)-l)Bc{t) = Q, 



i=l 

and therefore 
fe+i 



JJ [AiBc{xi) - DiBc{yi) + Di 



1=1 
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1=1 

k-l j 



Y[AiBc{xk) [Ak+il3c{xk+i) - Dk+iBc{yk+i) + -Dfc+i] 

k-l j k 

i=l r=j+l 
k 

llD,{Bc{yi) - l)Dk+i 
1=1 

k k 

= Yl AiBc{xk+i) -YlAiDk+iBc{yk+i) + YlAiDk+iBc{xk) 

i=l i=l i=l 

k~l j k+l 

-E{n^^ n Dr{Bc{yj+i)-Bc{xj))] 

j=l i=l r=j+l 
k+l 

-l[D,{Bc{yi)-l) 

i=l 

k+l k j k+l k+l 

= Y[ABcixk+l)-Y,{tl^^ n Dr{Bc{yj+i)-Bc{xj))]-l[Di{Bc{yi)-l). 

i=l j=l 1=1 r=j+l i=l 

Therefore (A.l) with m = k + l holds. Moreover when we calculate the boundary state, we 
can use (3.38). By using this, because Bc{t) is the constant, the second term in the above 
equation vanishes. Thus when we calculate the boundary state, we substitute Ai = ^ + Ui, 
Di = ^ — ji and Bc{t) = into (A.l), the ghost operators become 

n { (5 + "■) s<=('''(i + + M + - (5 - ■<') '^'^ (i + + + (5 - '<•) } 



1=1 

k+l 
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